EE201/MSE207 Lecture 12
Two-particle systems (Ch. 5)

Generalization to two-particles is very natural.

A two-particle state is characterized by wavefunction W(74, 75, t)
(for a moment forget about spin)
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Simplificationif V =V (r;, — 15)
Then the problem reduces to one-particle problem (may be important for excitons)
Similar situation in astronomy: two-body problem is essentially one-body problem

Classical mechanics

Introduce two variables (new coordinates):
- -
-~ Myry +myry,

centerofmass R = (moves freely by inertia)
my + mo-
difference r=7 —1
Evolution of 7*: Force F = —V V(#) acts on both particles
s ﬁ F_)' > M4 +m2 ﬁ mim,
Y = + = F = — U=
m; my mym, U myq +m,

Therefore, evolution of 7* is as for a mass i in potential V
(this is how Earth-Moon problem is analyzed)



Quantum mechanics for V = V(1; — 7,)
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ER is kinetic energy of free particle with mass m; + m,

hZ
For E, we need to solve TISE ~ — ﬂ VY, (7)) + V(@) Y, (7) = E . (7)

If V # V(7), then need to solve much more complicated 2-particle TISE



ldentical particles
In quantum mechanics two electrons are indistinguishable (postulate),

similarly two protons, two holes, etc.
Surprisingly, this leads to non-trivial consequences.

Simple case (two particles in two states, no interaction, no spin)

1/)(77’1,77’2) — 1/)a(771) Yp (7_")2)

First particle in state a, second one in state b (distinguishable particles)

However, for indistinguishable particles 1, (7)) Y, (7,)
corresponds to the same state

Actually, such state is described by wavefunction

- - 1 - - - -
Y (1, 13) = ﬁ | Yo () ¥ (7)) £ Y (71) Yo () ]
+ for bosons (integer spin),

— for fermions (half-integer spin)

Generally

Y7, 1) = 2, 1) (+ for bosons, — for fermions)



Symmetry for identical particles
Generally (no spin, i.e. the same spin)

Y1y, 1) = 2Y(1ry, 1) (+ for bosons, — for fermions)

(new development: “anyons”)
With spin

l/)(FlrleFZISZ) — il/)(f)ZrSZrFlrSl)
(exchange of two particles)

Proof

Introduce exchange operator P. It satisfies P? = 1 and commutes with H.
Therefore common eigenstates, 1> =1 = 1= +1.

Remark: no such symmetry for different particles (e.g., proton and electron)

Pauli exclusion principle
Two fermions cannot occupy the same state (“cannot sit on the same chair”)
Proof: otherwise ) = 0

This symmetry changes average distance between particles
(exchange correlation, “exchange interaction”)



Simple example of exchange correlation

Consider two particles in 1D, occupying states a and b.

3 cases
(1) Y =Y, (x1) Yp(x,) — distinguishable particles

2) ¥ = 5 [Pa(x0) Yu(2) + Pu(e)pa(x2)]  — bosons
B) ¥ = 5 [Wa(x1) Yu(2) = Pp(x)ha(x2)]  — fermions

Let us show that bosons are closer to each other, fermions are farther away.
Calculate {(x; — x5)%) = (x%) + (x2) — 2(x1x;)
Case (1): distinguishable

(x12) = ff x12 |1/J(x1,x2)|2 dxidx, = fx12 |1/Ja(x1)|2dx1 f|¢b(x2)|2dx2 =

Similarly  {(x2) = (x?2), = (x%)gx 1 =(x?),

(x1202) = JJ %1265 [P (g, x2)1? doxydx; =
= [ x| (x)1?dxy [ x2l1p (x2)[?dx; = (x)a{x), (uncorrelated)



Simple example of exchange correlation (cont.)
Case (2): bosons ¥ = = [ (1) ¥ (x2) + ¥ (X1 (x2)]
() = [f xf [y, x2)1? dxydoxy, =
= 2 xF [aGe)dxy | |¢b(x2)| dxy + 5 [ x|y (e P dey [ Ya(x)Pdx,

+5 fx1 Ya(x1) Py (X1) dx; f¢b (Xz)l,ba(xz) dxz E
0

+2 0 xd iy (xn) () dxy J i (x2)p (x2) dx, =
0

1
= () + ()

Similarly  (x2) = %((X2>a +(x%)p)

(quite natural, since each particle in both states)



Simple example of exchange correlation (cont.)

Case (2): bosons P = \/% [a (x1) Yp(x2) + Pp(x1) g (x2)]
(xF) = (x3) = - ((x%)q + (x2))
(X1%3) = ff X1X2 |1/J(x1,x2)|2 dxidx, =

- %f X1 |1/Ja('x1)|2dx1,|f X [ () |2 dx, +
<x>a '<x>b
+ %fX1| Yy (x)2dxy [ xg [Palxz)]?dx, + } sameasline 1

+3 S i) Yy On) ey [ 2 13 (x0) a(xz) dicy +
| \—/co'njugate |
same as line 3 { +%fx1 Yp (x1) Y (x1) dxy [ x5 Y5 (x3) Yy (xy) dxy =

= (0o + | 29500 1 (x) d|”

exchange term



Simple example of exchange correlation: summary
Case (1): distinguishable particles Y =Y, (x1) Yy (x5)
(x7) =(x%)a  (xF) =(x?), (x1%2) = (X)q(2x)p
Case (2):bosons 1 = [tha () P, (x2) + P, Ce1) e (x2)1/V2
(x7) = (xF) = 2 ((x?)q + (x?)p)
(x122) = (X)aldp + | 2 Yo () Yy (x) x|
Case (3): fermions ) = [, (x1) ¥y (x2) — ¥ (x1)ha (x2)1/V2
(xF) = (x3) = = ((xP)q + (x2))
(12 = () al)y — | [ 3 15 () 1y () dxe|

If Y, (x) and 1, (x) do not overlap, then no difference.

If Y, (x) and Y, (x) overlap, then exchange term is non-zero.
For case 2 (bosons), (x;x,)is larger = ((x; — x2)2> is smaller (closer to each other)
For case 3 (fermions), {((x; — x2)2> is larger (like to be farther away from each other)

/{4

Exchange correlation (“exchange interaction”, “exchange force”)



Molecule of hydrogen (H, )
a b

Now need to take spin into account
What is spin state of the ground state? (Show that singlet)
Ground state: both electrons have n = 1, but also have spins

=17
If total spin is O (singlet), then spin state is 7 (antisymmetric to exchange),

therefore spatial part should be symmetric (so that total is antisymmetric),

therefore case (2) = electrons closer to each other = covalent bond

(actually, electrons repel each other, but attraction to protons is more important)

. : : : TN+1T _
If total spin is 1 (triplet), then spin stateis TT or Il or NG (all symmetric),

therefore spatial part is antisymmetric (case 3)
—> electrons are farther away from each other = antibonding state (not stable)

Ground state wavefunction

1 =17

Y = NG [Ya (7)) Y5 (72) + Yp (1) Ya(72) | 7



Atoms (many electrons)

ﬁ_zz: _h_zvz 1 Ze*
— . 2m J 477:80 |’)"| 2 477:80 ]¢k|')" —T'kl

and wavefunction must be antisymmetric for exchange of any two electrons
(exchange of both positions and spins)



Atom of helium (He)

What are spins of lowest energy states?

If we neglect e-e interaction (approximation), then just
two electrons in hydrogen-like atom (Z = 2 instead of Z = 1)

12 parahelium (s = 0)
12 orthohelium (s =1

)
11 parahelium (s = 0)

Ground state (n = 1 and n = 1) = symmetric spatial part of wavefunction
= antisymmetric spin part, i.e. s = 0 (singlet, parahelium) (T{—{1)/v2

First excited state (n = 1 and n = 2)

If s = 0 (singlet, parahelium) = spin part of wavefunction is antisymmetric
—> spatial part is symmetric = electrons closer to each other
= higher energy of e-e interaction = higher energy

If s = 1 (triplet, orthohelium) = spin part is symmetric = spatial part
is antisymmetric = electrons farther away = lower energy



